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Abstract. We prove some abstract Wegner bounds for random self-adjoint operators on 
Hilbert spaces. Applications include a new linear Wegner estimate for a discrete multi- 
particle Anderson model, as well as a non-linear Wegner bound for a quantum graph 
with random edge length in which the distribution of the random variables modelling 
the edge length do not necessarily have a density. Finally, we also give an elementary 
proof of a Wegner bound for continuous multi-particle Anderson Hamiltonians without 
a covering condition. 



1. Introduction 



Wegner estimates for random Schrodinger operators have been the subject of active 
research for the last three decades. The purpose of such estimates is to derive good bounds 
OS \ on the average number of eigenvalues of a random self-adjoint operator with a discrete 

spectrum in a fixed interval. Such estimates can be used in a proof of Anderson localization 
via multiscale analysis, or in the study of continuity properties of the integrated density 
Sp-i of states. 

The aim of this article is to derive some abstract Wegner bounds for some random 
self-adjoint operators on a Hilbert space, and to apply them afterwards to obtain new 
estimates for specific models. While the abstract framework in Section [2] may seem a 
little dry, it proves to be rewarding as we will see in Section [3l Namely, it considerably 
shortens the proof of a Wegner bound for the model at hand (one just has to verify a list of 
hypotheses), and more importantly, it emphasizes the properties which are really essential 
for the proof. We hope the abstract theorems proved here will also find applications other 
£^ " than those mentioned in this paper. 

The abstract Wegner estimates are stated in Section [2] and are then applied in Section [3j 
We first obtain linear Wegner estimates for discrete multi-particle Anderson models. For 
these models, we do not require the single-site potentials to cover all lattice points, but only 
need some uncertainty principle to hold in the interval. Such a principle holds trivially in 
any interval if all lattice points are covered by the single-site potential, and we show it also 
holds for intervals near the spectral edge of the unperturbed operator in the general case. 
Next, we treat a quantum graph with random edge lengths over Z d , without assuming 
the distribution of the random variables modelling the edge lengths has a density. The 
price to pay is that the Wegner bound is no longer linear. However, this allows us to 
extend the localization results of [11] to log-Holder continuous distributions, in the case of 
a positive coupling constant (instead of distributions with a Lipschitz continuous density) . 
Finally, we give an elementary proof of a non-linear Wegner bound for continuous multi- 
particle Anderson Hamiltonians with no covering condition, near the spectral edge of the 
unperturbed operator. Section [J] is devoted to the proof of the abstract theorems. 

We end this section by discussing the limitations of this paper. We will usually assume 
the probability space has the form (Q,P), with Q = for some index set X. Each wed 
thus takes the form u) = (oo a ) a ^x- in some situations it will be important to have instead 
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Q = [q_, q+] x , with some conditions on q~,q+ £ R. All our Wegner bounds will essentially 
reproduce the modulus of continuity of P. More precisely, we will bound the average 
number of eigenvalues in an interval of length e > by the uniform bound 

(1-1) s(P,e) = sup ess sup ess sup P {u a S [E, E + e] \(wp)pjt a }, 

multiplied by some other terms. The term s(P,e) is defined via conditional probabilities 
and might seem complicated. However, in most applications one has P = ® p,, where \x 

is a probability measure on R. In this case, (1-1) reduces to 

(1-2) s(/U, e) = sup{)u[a, b] : b — a < e}. 

We will not make any regularity assumptions on P. However, our bounds are only useful 
if the probability measure is continuous. A log-Holder continuity with a sufficiently large 
exponent will generally be sufficient for localization purposes. On the other hand, if the 
measure is discrete, our bounds are useless. For example, if [i is the Bernoulli measure 
\i = pdo + (1 — p)5i, then s(/i, e) > p no matter how small e is. So the thirty years old 
problem of deriving a Wegner bound for the Bernoulli- Anderson model on ^ 2 (Z d ) with 
d > 1 remains open. 

A more accessible model which we cannot treat here is the random Schrodinger oper- 
ator with sign-changing single-site potential. A Wegner bound for such models without 
assuming the distribution fi of the random variables modelling the disorder has a density 
remains, to the best of our knowledge, an open problem (at least in the continuum). If \x 
has a density, some Wegner estimates have been established for such models; see [10], [7], 
[21], [22] and [EJ. 

2. Abstract Theorems 

We start by recalling the definition of a random self-adjoint operator on a Hilbert space. 
Let 7i be a separable complex Hilbert space and denote by L(T~L) the set of bounded linear 
operators on %. Let (fi,P) be a probability space. A mapping B : Q — > L(H) is called 
measurable if for all x, y £ H, the mapping 

(B(oj)x,y) G C 

is measurable. Now let S(H) be the set of self-adjoint operators on %. We say that 
H : Q — >■ S(T~L) is a random self-adjoint operator if for all bounded measurable functions 
/ : R — > C, the mapping uj i— > f(H(uj)) is measurable. The reader may find equivalent 
formulations in [18,, Section 1.2] and [3] Chapter V]. Note that we do not need ergodicity 
in this paper. 

We now state our abstract results. Before we begin, let us stress that the following 
Hypotheses (A) to (C) are mutually independent, and do not follow a specific order of 
generality. Hypotheses (A) and (B) will be applied to obtain linear Wegner estimates, 
while Hypotheses (C) yield non-linear ones. 

Let us start with the simplest case, namely a finite dimensional Hilbert space. We chose 
to single out this case, first because the proofs are different, and second because they give 
a better upper bound. 

2.1. Hypotheses (A). 

1) H(lj) is a random self-adjoint operator on a finite dimensional Hilbert space %. We fix 
an orthonormal basis {ej}j<zj for H; in particular dim% = \ J\. 

2) There exists an interval / = [E\,E%\, a constant 7 > (which may depend on I) and 
a self-adjoint operator W of the form 

ael 
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where X is an index set and U a are self-adjoint operators, such that P-almost surely, 

Xi{H(u))W X i{H(u)) > 1X i{H{u>)). 

Here xi{H{(^)) is the spectral projection of H(u) onto the interval /. 
3) We define Xj := {a G X : U a ej / 0} and assume Cfi n := max je j \Xj\ < oo. 

Note that one may take W = Pj = Id, where Pjf := (f,ej)ej, in which case 
conditions 2 and 3 hold trivially on any interval with 7 = 1 and Cfi n = 1. Condition 
2 is called an uncertainty principle, and an efficient criterion to check its validity was 
established in [2j Theorem 1.1]. For random Schrodinger operators, W can be the sum of 
the single site potentials U a . 

The following proposition is the key idea for obtaining linear Wegner bounds without 
covering assumptions using spectral averaging (cf. Section H]). It decomposes the trace 
into local contributions of the operators U a . To prove it, we abstract some ideas of [19 1 . 
The proof greatly simplifies here due to the finite dimensionality^]. 

Proposition 2.1. Suppose thatH(u) satisfies Hypotheses (A) in the interval I = [Ei,E<2\. 
Then 

To state our first linear Wegner estimate, we start with some additional hypotheses. 
2.2. Hypotheses (B). 

1) The probability space (O, P) has the form $7 = M 1 or the form SI = [g_, q + ] x for some 
q- <q+€ M. We define s(P,e) as in (1-1). 

2) H{oS) has the form 

H(u)=H 1 + V u , 
where Hi is self adjoint, and given uj = {uj a ) a& x £ ^, 

V U := y^UJgUg, 

where U a > and \\U a \\ < Cjj for all a. 

The second hypothesis is a serious restriction: randomness must appear as an additive 
perturbation of the operator H\. This restriction is necessary for the next theorem because 
the proof relies on spectral averaging. 

Theorem 2.2. Suppose that H(oj) satisfies Hypotheses (A) and (B) in the interval I = 
[.El, £2]. Then 

E{tr\xi(H(u;))]}<Cw\J\-s(F,\I\), 

where 

Cw ■= 6l~ 2 Cu c ln- 

Despite the restrictive Hypotheses (B), this theorem is still efficient for discrete Schrodinger 
operators on £ 2 (T), where T is a locally finite graph (e.g. T = It can for example 
treat the case of multi-particle potentials without a covering condition in certain energy 
intervals. However, by hypothesis all U a > 0, so it cannot treat models with sign-changing 
single site potentials. 

We now move to separable Hilbert spaces. In the following, we say that a map / : M 1 — > 
M is monotone increasing (resp. monotone decreasing) if w« < for all a £ X implies 
/(^ (1) ) < /M 2) ) (resp. f(u^) > /M 2 ))). 

^In particular, we can easily avoid the inequality in [19] which remains unjustified; see [20] . 
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2.3. Hypotheses (C). 

1) H(uj) is a random self-adjoint operator on a separable Hilbert space H. 

2) H(yj) is bounded below and has an orthonormal basis of eigenvectors. 

3) The probability space Q has the form f2 = or the form Q = {q^,q + ] x for some 
g_ < q + £ R. Here I is a finite index set. We define s(P, e) as in (1-1). 

4) Fix an interval I and an ordering of the eigenvalues A n (w) of H{uj) counting multiplicity. 
Then there exists a number K independent of u such that 

n > K => \ n (ui) I. 

5) The domain T> of H(uj) is independent of oj. 

6) Denote 1 := (1, . . . , 1) G M. x . There exists 7 > such that for every u £ D, the map 

f u (uj) := {H(uj)u,u) 

verifies one of the following properties for every wed and t > such that oj — t- 1 £ f2 : 

a. f u is monotone increasing and f u {oj) — f u (uj — t ■ 1) >t^\\u\\ 2 . 

b. f u is monotone increasing, continuously differentiable and ^2 a£ x ^fer^ — 7ll n ll 2 - 

c. / u is monotone decreasing and f u {u) — f u {ui — t ■ 1) < — t7||u|| 2 . 

d. / u is monotone decreasing, continuously differentiable and ^ ae j T^ir^ — — 7ll u ll 2 - 
The second condition can actually be relaxed; we could ask H{uj) to have a discrete 
spectrum in / instead of an orthonormal basis of eigenfunctions. However, in this case, 
using the same proof (except for the first step) we can instead bound ¥{a(H(u})) n / ^ 0} 
by the same upper bound stated in Theorem 12.31 which is of course weaker but still useful. 
The fourth condition may be seen as a weak Weyl law. It is satisfied for example if % is 
finite dimensional, in which case K = dim%. Indeed, since the total number of eigenvalues 
in this case is K, the condition is trivially verified (since there is no eigenvalue with n > K). 
For infinite dimensional spaces, this condition is satisfied if H(oj) is bounded below by a 
(non random) operator Hq with a compact resolvent. So the only "real" conditions are 
5 and 6. Condition 6 assumes monotonicity and "diagonal covering" for H(lo). We relax 
the latter condition in Theorem 12.41 

Note that we allow infinite dimensional spaces and do not assume that H(oj) has the 
specific form H(u) = H\ + V u . This provides a great wealth of random operators, both 
inside and outside the realm of Schrodinger operators, which cannot be treated by The- 
orem 12.21 and to which a Wegner estimate holds as in the next theorem. In particular, 
Hypotheses (C).6.b and (C).6.d are well suited for models in which H(ou) — H{ui — t ■ 1) 
depends non-linearly on oj. Such models are not just mathematical curiosities; they arise 
very naturally when studying quantum graphs with random edge lengths for example. Let 
us state the theorem: 

Theorem 2.3. Suppose H(oj) satisfies Hypotheses (C) in the interval I = (Ex^E-z). Then 

E{tr[xi(#(w))]} <K-\l\-s(j)-^). 

In applications to random Schrodinger operators defined on cubes A, the constant K 
comes from a Weyl law and takes the form C(E2,q~) ■ |A|. So the "bad" term in this 
estimate is \X\. For single-particle models, this term is equal to |A|, so the upper bound 
in not linear in |A|. 

There are mainly two applications for Wegner estimates: the first to prove localization 
via multiscale analysis, the second to study continuity properties of the integrated density 
of states (IDS) of H(uj). For the first purpose, Theorem l2.3l is satisfactory because the term 
s(P, |/|) will be sub-exponentially small assuming all P(-| (cjg)^^) are Holder continuous, 
so it will completely outweight the terms K and |X| . This is also true in the more general 
situation of log-Holder continuity with a sufficiently large parameter. For the study of 
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the IDS however, this theorem is not satisfactory, and it might be the price to pay for 
Hypotheses (C). 

The term \X\ emerges because our proof of Theorem 12.31 uses Stollmann's Lemma (cf. 
|18l Lemma 2.3.1]) to control the eigenvalues of H{oj). Let us speculate a little how one 
could avoid the term \X\ or at least make it smaller. The first road would be to provide 
more specific input to Stollmann's Lemma, based on some specific information on the 
eigenvalues, to obtain a better bound. The second road would be to first "work out" the 
trace of xi{H{oj)) a little, in the spirit of Proposition 12.11 Indeed, if one can in some sort 
divide the trace into a sum of local contributions of subspaces rlj in a setting to which 
Stollmann's Lemma is applicable, then the eigenvalues of H(u) restricted to Hj would 
only depend on the ui a with a in a smaller set Xj C X so the term \X\ would reduce to 
maxj \Xj\, which would indeed make the estimate linear in the volume. 

Our linear Wegner estimate has yet another advantage, namely it suffices to know the 
behavior of H(lo) in the interval / to deduce a Wegner bound in /. This is encoded in 
the uncertainty principle, and it is the reason why it can treat some models without a 
covering condition. As we show in Section [H there is a related counterpart of this idea for 
Theorem 12.31 Namely, if one can prove that the eigenvalues A n (w) of H{oj) are monotone 
increasing and satisfy 

(A n (cj) - \ n (u) - t ■ l))x/(A„(w)) > £7 • X/(A n (w)), 

then Theorem 12.31 is still valid if we only assume Hypotheses (C).l to (C).4. We illustrate 
this idea in the next theorem, which finds applications in continuous Anderson Hamilto- 
nians without a covering condition. 

Theorem 2.4. Let H(uj) be a random self-adjoint operator satisfying Hypotheses (C).l to 
(C).5. Assume moreover that f2 has the form Q = [q-,q+] x , where q+ > q- > andX is 
a finite index set, and that P = (S> a ez for some probability measures [i a on M supported 
on [q-, q+]. Suppose there exists C 7^ such that for any u E D, 

(2-1) {H(u)u, u) = -a(u) + uib a {u) 

for some constants a{u) > and b a (u) > 0. Then for any open interval I = (Ei, E2) with 
Ei > 0, we have 

E{tr[xi(H(u))}} <K-\X\- maxs U aj g+((1 + H)l*T - l) V 
In particular, if Q = ±1, we have 

E{tr[ X j(#M)]} <K-\X\- m^csL, . 

Of course the main advantage here in comparison with Theorem 12.31 is that we suppose 
nothing on the b a (u) except that b a (u) > 0. Theorem 12.31 would need a condition of the 
type Yla&x a{ u ) ^ 7ll n l| 2 > f° r an u - The price to pay is that we need the specific form 
(2-1). 

In the applications we shall only need the case £ = 1. However the greater generality 
does not require additional effort here, and we believe it could be useful for models not 
considered in this paper. For example, the case where £ = —2 appears in the model 
studied in |15] (there is an additional difficulty in that model however, namely the domain 
D(H{uj)) depends on to, so that Hypothesis (C).5 is not satisfied). 

3. Applications 

3.1. Discrete Multi-particle models. As a first application for the above theorems, we 
obtain linear Wegner estimates for discrete multi-particle Anderson models. To the best 
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of our knowledge, this result is new, since we assume neither that the random variables 
have a density, nor that the single-site potentials cover the lattice. For previous linear 
bounds, see [S] for the lattice and [12] for the continuum. The reader who is not familiar 
with multi-particle systems may assume that n = 1; we believe the estimate and the proof 
are still interesting in this case. 

Consider the Hilbert space £ 2 (Z nd ), where n G N represents the number of particles 
living in Z d , a probability space (ft,P), where ft = M z or ft = [q-,q+] z for some 
g_ < q + G R, and given u = (uj a ) G ft, the Hamiltonian 

H(cj) = H + V + V W 

where Hq is the discrete Laplace operator on i 2 {'E ad ), Vq is a real non-random interaction 
potential and for x = (x\, . . . , x n ) G (Z d ) n = Z rad , l/ w (x) is given by 

r(x) = £ V"( Xi ) = E E w Q «a(ar<). 

l<i<n l<i<n a eZ d 

We assume Vq is bounded and the u a satisfy 

< u a < C u 

for some uniform bound C u > 0. We also assume the u a are compactly supported, that 
is, if for j G Z d , j G Z nd and L G N we define the cubes 

A^^xGZ^IIx-jlU^L}, and A^(j) := {x G 7L nd : ||x - jjU < L}, 

then we assume there exists an R > such that u a {j) = for all j ^ (a). 
A very simple example to keep in mind is when n = 1 and 

H(uj) = Hq + Wjtfj, 

where -D C Z rf is an arbitrary non-empty set. For instance one may take D = Z d \ {0}, in 
which case the random potential does not cover the site 0, so that the elementary proofs 
of Wegner estimates fail for this model (because W := J2jeD $j does not verify W > 7 for 
some 7 > 0) 

To state our Wegner bound, note that we may interchange the sums (since suppu a is 
compact) and write 

a&L d 

with 

U a (x\ , • • • , Xn) — ^ ^ U a (Xi) ■ 
l<i<n 

Now put W = Ylaez d U a , let A^(x) C U ld be a cube and let H.( n ) ( Aoj) be a self-adjoint 

restriction of H(u) to A^ (x) (obtained by imposing some boundary conditions). Take 

7~L := ^ 2 (A^(x)) . The following theorem tells us that an uncertainty principle in / implies 
a Wegner bound in /. After proving it, we give in Lemma 13.21 some concrete situations in 
which the uncertainty principle holds. 

Theorem 3.1. Suppose that in an interval I, the operator H^„)^{uj) satisfies 
(3-1) xi{H K w {x) {u))W X i{H^ ){x) {u)) > 1X i(H A p ix) (u>)) P -a.s. 

for some 7 > 0. Then 

E{tr[ X j(F A ( n) . >))]} < C w - \hi\x)\ • s(P, |J|), 
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where 

C w = Qn i 1 - 2 C 2 u (2R + l) 2d . 
Note that if u a = c a 5 a with c a > 0, we may take R = 0. 

Proof. Given y = ( Vl , . . . , y n ) G (Z d )™ and S 6 N, put IIA^y) := U"=i ^(Vi)- Note 
that H.! n ). Auj) takes the form 

■f^ A (™)( x )(^) = -ff i + 

aenA^ K (x) 

with H\ = H QA (n).\ + ^ A (n) (x) se lf" a djoint. Since dim% = |A^(x)|, Hypotheses (A) 

and (B) are verified with C v < nC u and C fin = max. . (n) , , inA^mi < n(2i? + l) d . The 
claim now follows from Theorem 12.21 □ 



Lemma 3.2. The uncertainty principle (3-1) holds 

(1) in any interval I C R if u a > c • o~ Q /or some c > and a// a, with 7 = nc. 

(2) in any interval I C (—00, Eq — rj\, for Eq = inf o~{Hq + Vo) and any n > 0, i/f2 /ias 
£/te form = [g_,g + ] zd u>i£/i g_ < g + < 0, /or f/ie Dirichlet restriction H D , n s 

with 7 > |^-| . 

(3) in any interval I C (—00, Sj? — rj\, for Ep = inferno + Vo + ?+W) and any n > 0, 
i/ f2 /ias i/ie /orm f2 = [o-,o+] z wt/t < g_ < g+, /or i/ie Dirichlet restriction 
with 7 > — - — . 

Theorem 13.11 combined with Lemma 13.21 thus provide a Wegner bound in any of the 
three above situations. We further comment on the result after proving the lemma. 

Proof. For the first assertion, note that if u a > c • 5 a , then for any x £ Z nd , 

W(x) > c ^2 ^2 5 a {xi) = c ^2 l = nc, 

l<i<n Q gZ d l<j<n 

so that W > nc and the uncertainty principle holds trivially in any interval with 7 = nc. 

For the second, given let A w (t) '■= vai cr{H^{ui) + tW\). Then for any t > — g_ 

we have 



X u (t) = inf a ^Hg A + Vb,A + ^ (u a + t)U a 

aenA^x) 

> inf o-(H + V +Y J (" a + t)U a ) > E 



where we used the fact that Dirichlet boundary conditions shift the spectrum up (see 
Section 5.2]). Thus, if I C (— 00,-Eo — ??], we get A w (— g_) — max/ > n. By [21 Theorem 
1.1], an uncertainty principle thus holds in / with 7 > , which proves the claim. For 
the last assertion, note that H(u) = H p+^2 a( -^ d {uj a — q + )U a , where Hp = Ho + Vo+q + W , 
so the claim is similar to the second assertion. □ 



Note that a Wegner bound in the situation (2) of the lemma is not a trivial result since 
D ( 



H D (n)/ ^(uj) has some spectrum below Eq if q + is sufficiently negative. Indeed, we have for 



anyjeA:=A( n) (x), 



aenA^o) 
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Hence if IIA is large enough to contain an a such that the corresponding U a is nonzero, 
and if g_ and g+ are sufficiently negative, this yields a value below Eq. 

The first situation (1) where a covering condition holds, improves the result of [3] and 
the one- volume bound of [5]. If P = ^ ae x d for some probability measures \i a on R, the 
two- volume bound may be deduced as in [TTl Theorem 6.3]. 



3.2. Quantum graphs with random edge length. In this section we prove a Wegner 
bound for a quantum graph with random edge length over Z rf . For this, we first rely on 
the analysis of , then make use of Theorem 12.31 

Let (£, V) be the metric graph with vertex set V = r L d and edge set £ = {(m, m+hj),m G 
Z d , j = 1, . . . , d}, where (hj)j =1 is the canonical basis of Each edge e = (v, v') thus has 
an initial vertex te = v and a terminal vertex re = v' . Each e is then identified with the 
interval [0, l e ], where < l m \ n <l e < Z max < oo. This gives a sequence of lengths I = (l e ). 
Now fix a G R, consider the Hilbert space % := © e e£ L 2 [0, l e ] and the operator 

H(l,a)(f e ) = (-f'J), 



D(H(l,a)) := <j (/ e ) G W 2 ' 2 (0,Z e 



/ e (i e ) = A(0) := f(v) for re = lb 
f'(v) = af(v) for each we V 



Here /'(«) := £ /£(0)- E «) is then self-adjoint (see [S]). Finally let ^ e 

e:ie=v e:re=v 

be probability measures on R with support [Z m i n , Z m ax] and consider the probability space 
(n,P), where := [/ min , l max ] £ and P := <8) ee £ Me- Then for i w = (Z£) G O, the random 
Schrodinger operator we study is H UJ {a) := H(l u ,a). 

For a finite subset A C £, denote Va := {ie : e G A} U {re : e G A}. This yields a graph 
(A, Va) and a corresponding operator H^(l u ,a) which we denote by H^{a) := H\(l u ,a) 
and call the Hamiltonian restricted to A. 

Given L G N, we define the cube 

Al = {e G £ : Utelloo < L or ||re||oo < ^} 

and the set 

A =U 

fce Z max min 

Then we have the following Wegner bound. 

Theorem 3.3. Let I C (0, oo) be an interval such that If) A = 0. Then there exists 
c\ = c\(d) and C2 = C2(J) > such that for any interval J C I and any cube A we have 

F{a(H%(a)) n J / 0} < d • |A| 2 • max sU e , c 2 \ J\) , 

eGA ' 

where |A| denotes the number of edges in A. 

The main advantage here is that we make no regularity assumptions on \x e . This is in 
contrast to [11], where it is assumed that [i e has a density which is Lipschitz continuous. 
As a consequence, Theorem 13.31 extends the localization results of [11] to distributions fi e 
which are (log-) Holder continuous, provided the coupling constant a > 0. There is a price 
to pay, namely the Wegner estimate is no longer linear in the volume. 

Proof As in [11 j . we first reduce the Wegner bound for the operator Hj^(a) on L 2 (A) to 
a Wegner bound for a related discrete operator Ma(/ w , J) on £ 2 (Va)- 
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Given e G A, let Pf, P| and I e be the operators on £ (Va) given by 

f|(/(«0 + /(™0) if v e {ie,re}, 



Pif(v) 



otherwise, 

|(/("0 - f( Te )) tfv = Le, 
\U( Te ) ~ f( Le )) ifv = re, 



otherwise, 

f(v) ifv£{te,Te}, 
otherwise. 

Now given J C I, let E = Ej be the midpoint of J and consider the operator 
M A (l",E) = £ ( . ^7= (Pi e - if) - ^coU^p). 

Then it is proved in [HI Eq.(lO)] that there exists b > such that 

P{ff(flX(a))nJ/0} <P{dist (ct(Ma(Z w ,£0)»«) < & I j I}- 
Let us stress that this inequality is obtained by spectral analytic arguments, without any 
assumptions on the regularity of the probability distribution. It follows from a general 
relationship between the spectra of and its discrete analog M A {l u ,E). 

Since M A (l^,E) only depends on with e G A, the relevant probability space here is 

^ = [Imin, ^max] A and P = (g> eeA He- Now 

dM A (l»,E) = gcos^Vg _ E 

dVi S m 2 %VE { 1 2> sin 2 l^VE ' 

Since ||Pf - Pf|| = 1 and P?P = P/, we have 

- cos^V^Pf - P|) + I e > (1 - | cos^v/eQ J e . 
As Jn A = 0, there exists (3\ and /?2 > such that 

i— E 

1 - cos K VE\ > Pi and — = = > /3 2 

sin 2 l^VE 

for all e S A. Hence 

(3-2) dMA ^ ,E) > /W e for all e e A, 



so that 



E 5M> ftAEj .>,.„ 



for /3 = /3i/3 2 > 0. Thus, given u G r(V A ), if we put / u (i w ) := (M A (l u , E)u,u) we get 
^^^ = \^ ^ ",ti)>/%[| • 

eeA e eeA e 

Finally / M is monotone increasing (this follows from (3-2)) and since £ 2 (V A ) is finite dimen- 
sional, the rest of Hypotheses (C) are clearly verified with I = A and K = |V A | < c<i|A|. 
We may thus apply Theorem 12.31 and Markov inequality to get 

Pjdist (a(M A (l",E)),a) < b\ J\} = P { tr X[ a -b\j\, a+ b\j\](M A (r , E)) > 1} 

< E{tr X[a-b\J\,a+b\J\] 

(M A (r,p))} 

< c rf |A| 2 maxs^ e , -^\ J \)- 1=1 
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3.3. Non-Covering Potentials. In this subsection, we apply Theorem 12.41 to derive 
Wegner bounds for continuous multi-particle Hamiltonians without a covering condition. 
Of course Theorem 12.41 can also be applied to discrete ones, but in this case Theorem 13.11 
combined with Lemma 13.21 give a better bound. 

For single-particle models, there are already the results of [U] and [2J, and they obtain 
a better bound (since it is optimal in the volume). Furthermore, P. Hislop announced in 
May 2012 a work in progress with F. Klopp in which an optimal Wegner estimate is derived 
for non-covering multi-particle Hamiltonians. However, we believe that our result is still 
interesting, first because our proof is very elementary (the analysis in [6] is technically 
involved, and the proof in [2] builds on the results of [6]), second because it is sufficient 
for localization purposes. 

Consider the Hilbert space L 2 (W nd ), where n G N represents the number of particles 
living in M d , and a probability space Q = [g_, q+] zd with q + > > 0, P = ae z d for 
some probability measures pL a on R supported on [q^,q + ]. Given oj = (u a ) E $7, consider 
the Hamiltonian 

H(u) = -A + Vq-V", 

where Vq is an interaction potential bounded below and for x = {x\, . . . ,x n ) E (K") n = 
R nd , y w (x) is given by 

l<i<n l<i<n a i=-Z d 

We assume the u a satisfy 

< u a < C u 

for some uniform bound C u > 0, and that u a are compactly supported, with supp« Q C 
A^(a) for some R > and all a. Given x = (x\, . . . ,x n ) G and a cube A^(x) C 



» 

we have the following Wegner bound 



let H D ^ (w) be the Dirichlet restriction of H(u>) acting on % := L 2 (A]™ (x)). Then 

(x) 



Theorem 3.4. Let Eq = inf a(— A + Vq) and let I = (E\,E2) be an open interval with 
E2 < Eq. Then there exists Cyy = CV(n, d, -Eo — E2,q~,C u ) such that 

E{tr[ X i(H° )]} < C W • |Ai n) (x)| • |HAg il (x)| ■ max sL a , -\|/| 

where UAf } (x) := ( \J n J=1 (xj)) R % d f or S £N. 

Note that this result is not trivial because H D ^ n) {uj) may have some spectrum below Eq, 

since the random perturbation — is negative. This depends on the u a , and is related 
to the concept of weak fluctuation boundaries; see [2]. 

Proof. We omit the center x from the notation. Since H D , n ^ (u) only depends on the 

A L 

uj a with a G nA^ K , the relevant probability space here is = [g_, q+f^^ L + R and P = 
Write H®, n) (u) in the form #f (n) (w) = w «^o 5 where #1 : = 

- A f(«) + K *(») and U a (yx, ...,y n ) := E"=i N ow put G(u) = -H®(oj) + E 

A L ' L A L 

and /' = {-E 2 + E Q ,-E 1 + E ). Then G{u) satisfies Hypotheses (C).l to (C).5. in I', 
with K = C|A^| coming from a Weyl law. Furthermore, for / G D(H D ^), 

A L 

{G(u)f,f) = -<(#! - E )fJ) + Yl "<*(U a fJ). 



aGlIA 



(n) 
L+R 



ABSTRACT WEGNER ESTIMATES 



11 



Since Dirichlet boundary conditions shift the spectrum up, we have (Hi — Eq) > 0. Since 
U a > 0, we thus see that G(cv) satisfies the hypotheses of Theorem l2.4l on the interval Fi- 
nally, X n (G(uj)) = —\ n (H (n)(uj))-\-Eo for all eigenvalues A n , hence K{tv[xi(H D ^ n) (ui))]} = 

L _ 

E{tr[x/' (G(oj))]} . We thus get the assertion by Theorem 12.41 □ 

Note that a similar bound holds true in the case of positive perturbations. More 
precisely, if H(ui) = —A + Vq + ^2 a £zd ui a U a , where u G [Q-,Q+] 1 ' is as above with 
q + > q- > 0, then taking W := ^«ez d ^a> we a Wegner bound in any open interval I 
such that I C (— oo, Ep), where Ep = inf ct(Hq + Vq + q+W). This follows as before, since 
this operator may be regarded as a negative perturbation of Hp = Hq + Vq + q+W . 

4. Proofs of the general theorems 

Proof of Proposition \2. 1[ Put xi := Xi(H(cu)). Since H is finite dimensional, any linear 
operator is trace class. Now by hypothesis 

tr[xz] < 7 _1 tr[x/Wx/]- 
Recall that for two Hilbert-Schmidt operators A and B we have 
tv[B*A] = (A,B) HS < \\A\\ hs \\B\\hs 

< l\\A\\ 2 HS + yJB\\ 2 hs = |tr[AM] + ltr[B*S] 
for any c > 0. Applying this to B* = xiWxi, A = xi and c = 7 we get 

tr[x/] < 7 _1 (^tr[ X /] + tr[xiWxiW X i]) 

= 2 tr tx/] + tT [XiW X iW Xl ], 

hence, 

tr[x/] < l~ 2 tr[xiW X iWxi}- 
Since I^x/M 7 > 0, we have tr\xiW X iW Xl ] < [|x/||[|Wx/W[|i[|x/|| = tr[Wx/VF]. Thus, 
tr[x/] <j- 2 ti[W X iW} 

= T 2S }2 ^2 (Xi u a'ej,XiU a ej) 

j&J a,a'£Xj 

_2 

-V^ 2 (WxiUa'e.f + WxiU^W 2 ) 
<7~ 2 C fi n]T Y, WxiUaejW 2 
= 7 _2 Cfin ^ (U a XiU a ej, ej) 

which proves the assertion. □ 

To prove Theorem 12.21 we first recall the following spectral averaging estimate proved 
in [19]. Fix a Hilbert space H and define s(fi, \I\) as in (1-2). 
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Spectral Averaging. Let \i be a probability measure on R, A a selfadjoint operator and 
< B a bounded operator on % . Then for any bounded interval I and any 4> £~H we have 

[ (By\ I (A + tB)B l /%cf>)df,(t)<qB\\\\<t>\\ 2 s^,\I\). 

JR 

Proof of Theorem \2.£H We may assume Q = R 1 (if U = [g_, q+] x , then P is a probability 
measure on R 1 supported in 0). By Proposition 12.14 we have 

E{tr[ X j(i?(a;))]} < T^Cfin^ E E{(U aX i(H(u>))U aej , e,-)} 

1/2 

Now given j £ J and a £ lj, put 4> := U a ej. Then 

EiiUaxdH^Uaej^j}} =E{^(C/yV(^M)t/a /2 ^'/')dIPKIM^ a )} 
The inner integral integral may be written as 

{B 1 / 2 xM + tB)B 1 ' 2 (j) : <f>)dfJt(t) 



for A = H\ + X]^a w ^^' ^ = t = uj a and /z = P(- 1 (oj^)^ a ). Hence by the spectral 
averaging theorem, 

E{{U aX i(H(uj))U aej , ej )} < 6||CT a || ||C/y 2 ei || 2 S (/U, |/|) < 6C^s{fx,\I\). 

The statement follows since by definition, s(/j, \I\) < s(P, |7|). □ 

To prove Theorem 12.31 we use Stollmann's Lemma, more precisely a generalization 
of it which first appeared in As we will later need to modify this result to prove 
Theorem 12.41 we divide the argument in two and start with the following auxiliary lemma: 

Lemma 4.1. Let (0, P) be a probability space, with Q := M. 1 and X = {1, . . . , m}. Suppose 
that ip : ft — >■ M is a monotone increasing function and given a, b £ R, define 

A := {uj : tp(uj) < a} and B := {uj : tp(uj) > b}. 

Now fix n > and for 1 < k < m, set 

A V :=A, A£ = A+[0,77]ei + ... + [0,7?]e fc , 

B% := B, B\ = B- [0, n]e x - ... - [0, n]e k . 
Then for j > 0, A] C A] +v B] C B] +1 , 

P(A^\ A) < m-s(¥,rj), and F(B? n \ B) < m ■ s(P, rj). 

Proof. We only prove the second bound; the first is similar and already done in pQ. Given 
uj £ Bj we have uj = uj — Oej + i G B r - +l , hence the Bj C Bj +1 . Now 

m m 

W(Bl \ B) = P ( |J {&} \ B]_S) < \ B]_,) 

3=1 ' 3=1 

To estimate this sum, first note that 

uj £ Bl <^=> 3Xi £ [0,r?] : (ujx + Aj, . . . ,uj k + Xk,uJk+i, ■ ■ ■ £ B. 

Now fix j £ X, let = (wj)^j G R x \ {j} and put 

7^ := {x G R : (u>i, . . . , x, uj j+1 , . . . ,uJ m ) £ Bj \ B^}. 

We show that 1^ is contained in an interval of length n. If = 0, this is clear, so 
suppose x £ Ify. Fix 5 > n. If x — 5 £ , then (uj\, . . . ,ojj-%,x — 5,ujj + \, . . . ,uj m ) £ B n - 
and thus u := {uj\ + Ai, . . . , ujj-i + Xj-±,x — 5 + \j,ujj + \, . . . , uj m ) £ B for some A& G [0, n]. 
Hence ip(u) > b. But (p is monotone increasing, so (p(u) < ip{uj\ + + 
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Xj-i, x, ujj+i, ■ ■ ■ , uj m ) < b, since (uji, ... x,Uj + i, ... ,uj m ) ^ Bj-i- This contradic- 

tion shows that x — 5 ^ for any 5 > r], in other words, is contained in an interval 
of length n. Thus, if \i = F(-\u)j) we get 

F(B]\B]_ 1 ) = [ ^I^dFjfa) < 8(ji,ti), 

where Fj is the marginal probability induced by F on R^Vt?}. By definition, s(fj,,rj) < 
s(F,rj), so we obtain the assertion. □ 

We are now ready to prove a first modification of Stollmann's Lemma. 

Stollmann's Lemma. Let T be a finite set, Q := M. x , P a probability measure on Q. and 
I cR an open interval. Suppose cp : Vt — > R is a monotone increasing function verifying 

(tp(u) -<p(u-t- l))xi(<p(w)) > tj ■ Xi{<p{u)) 
for some 7 > and all t > 0. Then 

F{u : (p(u) G 1} < \1\ -s(p,^). 
Actually, as the proof will show, it suffices to have the weaker condition 
(<p(u) - <p(u - ^ • l))xi(<p(u)) > \I\ ■ XlifPiw)) 

for some 7 > 0. 

Proof. We may assume that X = {1, . . . , m}. Assume I = (a, b) and let e = b — a. Now 
consider the set 

A = {u : <p(oj) < a}, 
put 77 := and for 1 < k < m, put 

Al:=A and A v k = A + [0, r}]e x + . . . + [0, rj\e k . 

Then {oj : ip(oj) G 1} C yl^, \ A Indeed, if <£>(w) G /, then by hypothesis 

</?(cj — 7/ • 1) < vj(w) — 77/ = v?(o;) — e < b — e = a, 

hence w — 77 • 1 G A Thus u G vim- Moreover, tp((jj) G / implies </?(w) > a and thus cj ^ A 
This proves the claim. The assertion now follows from Lemma 14.11 □ 

To be able to apply Stollmann's Lemma in the setting of Hypotheses (C), we record the 
following elementary lemma. 

Lemma 4.2. Let U C M. d be an open convex set and suppose f : U — > R is continuously 
differentiable with 71 < Y^j=l l!hr~ ( res P- < I2) for all q G U. Then given q G U and 
A > such that q — A • 1 G U, we have A71 < f(q) — f(q — A • 1) (resp. < A72J. 

Proof. Given a,b G U, we have a + t(b — a) G U for any t G [0,1]. Now the map 
1 1 — y f{a + t(b — a)) is continuously differentiable, hence 

f(b)-f(a) = £j t f(a + t(b-a))dt 




In particular, 




The claim follows using the hypothesis on the sum of partial derivatives at any point. □ 
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We shall also need the following variant of Stollmann's Lemma: 

Lemma 4.3. Let T be a finite set, CI := R 1 , P a probability measure on Cl and I Cl an 
open interval. Suppose ip : CI — > M is a monotone decreasing function verifying 

(<p(u)) - (p(u - t ■ l))xi{<p{w)) < -tj ■ xi{<p{u)) 
for some 7 > and all t > 0. Then 

F{uj : <p(u) G 1} < \1\ ■ s(f, 

Proof. Assume I = (a,b). The function if) = —ip verifies the hypotheses of Stollmann's 
Lemma in the interval V = (—6, —a), hence 

P{u : <p(w) G 1} = ¥{oj : i/>(w) G I'} < \1\ -s(p,^). □ 

We are now ready to prove Theorem 12,31 

Proof of Theorem \2.3[ Given uj € CI, let {(p n (oj)} be an orthonormal basis of eigenvectors 
of H(u) with corresponding eigenvalues X n (oj). Then by the functional calculus 

So using Hypothesis (C).4, we get 

tr\Xi(H(u))] = ^2{<p n (u}),xi(H(u))<p n (u))) = Xl(K(u>)). 

n n<K 

Hence 

E{tr[ X i(H(cj))}} = £ E{ X/ (A n (u,))} = ]T P{A„H G /}. 

n<K n<K 

Now assume Hypothesis (C).6.a holds. By the min-max principle we get that for any 
u G CI, A n (w) are monotone increasing and verify 

An(w) > X n (uj - t • 1) + £7 

It follows from Stollmann's lemma that 

P{A n (w) G 1} < \X\ -a(p,^), 

as asserted. If (C).6.b holds instead, then by Lemma I4T2| (C).6.a. holds too and we get 
the assertion. If (C).6.c holds instead, we do a similar reasoning using Lemma 14.31 instead 
of Stollmann's lemma. Finally, if (C).6.d holds instead, then by Lemma [4.21 (C).6.c holds 
and we get the assertion. □ 

We finally prove Theorem 12.41 

Proof of Theorem \2.4\ The first trick is to identify CI with Cl = [i>_ , v+] x , where V- := In g_ 
and i>+ := lnq + . This idea was used before in the Wegner estimate of the paper |15] . 
where a quantum graph with random edge length was considered. In other words, instead 
of considering the random variables (co a ) a£ x, we consider the variables {v a ) a& x where 
v a := InwQ. Since the distribution of these variables is given for a G R by 

F{u : lnoj a < a} = fi a (0,e a ] = fi a {—oo,a\, 

where jl a (a,b) := fi a (e a ,e b ), this identification induces the measure P := (X> Qg x p, a on Cl. 
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We now suppose that (2-1) holds with £ > and fix u G T>. Given v G f2 and t > 0, we 
note that if there exists a(u) > and b a {u) > such that (2-1) holds, then 

((H o exp)(v + t ■ l)u, u) = -a(u) + ^ e^ Va+t) b a {u) 

= —a(u) + e c e iVa b a (u) > e^ l {{H o exp)(u) u, u) 

aeX 

since — a(u) > — e^*a(«). Thus, by the min-max principle we get for any eigenvalue 
(4-1) X n (v + t ■ 1) > e&X n (v). 

Moreover, X n (v) is monotone increasing in v since b a (u) > for any u. We thus need the 
following variation of Stollmann's Lemma: 

Lemma 4.4. Let X be a finite set, f2 := R 1 , P a probability measure on Q, and JcMan 
open interval. Suppose ip : SI — > R zs a monotone increasing function satisfying 

(4-2) + t • 1) - ^(g))x/(^(g)) > 7(e a - 1) • XlMq)) 

for some £ > 0, 7 > and a// f > 0. Then 

¥{q : tp(q) G /} < |X| • s(p, ^ln(l + — )). 

TTiis bound is also true if ip is monotone decreasing and satisfies 

(4-3) (v(q) -ip{q-t- l)) X lMq)) < 7(1 - ■ Xl{v{q))- 

Given this, we first continue the proof of Theorem 12.41 then we prove Lemma 14.41 We 
note that if X n [v) G /, then X n (v) > E\ > 0. Hence it follows from (4-1) that 

(X n {v + t • 1) - X n (v)) X i(X n (v)) > (e^X n (v) - X n (v)) X i(X n (v)) 

>(e^-l)E lX i(X n (v)). 

Reasoning as in the proof of Theorem 12.31 and using Lemma 14.41 we get 

EMxi(H(uj))}} = E{tv[ X i(H o exp(«))]} 

= £ nx n (v) G /} 

n<K 

<K-\X\ - maxsf/i Q , \ In (l + ^-)Y 

We finally estimate this term. Since supp/i a = [u_,Uf], it suffices to consider intervals 
(a,a + e) with a < v + and e > 0. By definition, we have jl a (a, a + e) = fi a (e a ,e a+£ ). Since 

e a+e _ e a _ e a( e e — 1) < + (e e — 1), We get 

s(Aa,e) < s(/i a ,g+(e £ - 1)). 
Hence, for e := ^ In (l + ^j-) we get 

E{tr[ XJ (iT(u;))]} < if • \1\ • max s(/i Q , q + ((l + H)? _ l)), 

which proves the claim in this case. 

Suppose now that C, < and put 6 := — £ > 0. Then 

((H o exp)(f)n,n) = -a{u) + ^ e' dVa b a {u) 

= -a(«) + e~ 9t e'^-^baiu) < e~ et ({H o exp)(u - t • l)u, u) 
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since —a(u) < —e~ et a(u), so that for any eigenvalue, 

Xn{v) < e- et \ n (v-t-l), 

and thus, noting that (1 — e e t) < and E\ > we get 

(A n (» - X n (v - t ■ l))xi{\ n {v)) < (\ n (v) - e et X n (v)) X i(K(v)) 

<{l-e et )E lXl {\ n {v)). 

Furthermore, X n (v) is monotone decreasing. The claim thus follows again from Lemma [4.41 

□ 

Proof of Lemma Um Let m = |X|, assume I = (a, b) and let e = b — a, r] := | ln(l + ~). 
Suppose first that if is monotone increasing and satisfies (4-2). Consider the set 

B = {q : ?{q) > b} 

and put 

B% :=B, Bl = B- [0, r/]ei - . . . - [0, V ]e k . 
Then {q : ip(q) G 1} C \ 5. Indeed, if ip(q) G /, then by hypothesis 

<j0(g + ?? • 1) > + 7(e Cr? - 1) = + £>a + e = &, 

hence g + r] ■ 1 G B. Thus g G S^. Moreover, ip(q) G / implies ip(q) < b and thus q ^ B. 
This proves the claim. The assertion now follows from Lemma 14.11 

Now suppose tp is monotone decreasing, satisfies (4-3). Let ip(q) := —^p{q) and put 

A={q:iP(q)<-b}, 

A V Q :=A, Al = A + [0,r } ]e 1 + ... + [0,r ] ]e k . 
Then {q : ip(q) G J} C yl,[^ \ ^4. Indeed, if (p(q) G /, then by hypothesis 

<p(q — rj-l)> ip(q) - 7(1 - e^) = ip{q) + e>a + s = b, 

hence 

tf}(q — r] • 1) < — b 

and q — r] ■ 1 £ A. Thus g G 4m. Moreover, 93(g) G I implies (p(q) < b, i.e. ip(q) > —b 
and thus q £ A. This proves the claim. The assertion now follows Lemma 14.11 for the 
monotone increasing function rp. □ 
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